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1. Motivation

◃ There exists a simple extension of the SM gauge group to SU(3)C⊗SU(3)L⊗U(1)X , the
so called 3-3-1 models. There are three main versions: the minimal model, the version
with right-handed (RH) neutrinos and the version with neutral fermions.

◃ In 331 model, the lepton number is considered as global symmetry.

◃ In 3311 model, the lepton number is considered as local symmetry.
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Lepton number

◃ In the SM, the lepton number operator commutes with the generators of the unitary
group SU(2)L.

◃ In the 3-3-1 model the lepton number of 3 components in a triplet are different, so the
lepton number operator does not commute with the generators of the unitary group
SU(3)L.
For example ψaL = (νaL, eaL, (NaR)

c)T has the lepton number (1,1,0) then the com-
mutations [L, T4], [L, T5], [L, T6], [L, T7] ̸= 0, where T4, T5, T6, T7 are the generators
of SU(3)L containing new gauge bosons X,Y .

◃ In the 3-3-1 model, one constructed lepton number operator as the combination of T3, T8,
and charged L. One considered U(1)L as global group.

◃ Since T3, T8 are gauged charges of the SU(3)L symmetry, L,L should be gauged or local
generators.
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The 3-3-1-1 model is based on the gauge symmetry

SU(3)C ⊗ SU(3)L ⊗ U(1)X ⊗ U(1)N .

Ti =
1
2λi(i = 1, 2, 3, ..., 8) and X,N are SU(3)L, U(1)X and U(1)N charges, respectively.

λi are Gell-Mann matrices.
The new charge X is connected with the electric charge operator Q through a relation

Q = αT3 + βT8 +XI, α = 1, β = − 1√
3
.

The relation between L and L is obtained

L = α′T3 + β′T8 + LI, α′ = 0, β′ =
2√
3
.



The 3-3-1-1 Model Slide 5/22

The 3-3-1-1 model is based on the gauge symmetry

SU(3)C ⊗ SU(3)L ⊗ U(1)X ⊗ U(1)N .

Ti =
1
2λi(i = 1, 2, 3, ..., 8) and X,N are SU(3)L, U(1)X and U(1)N charges, respectively.

λi are Gell-Mann matrices.
The new charge X is connected with the electric charge operator Q through a relation

Q = αT3 + βT8 +XI, α = 1, β = − 1√
3
.

The relation between L and L is obtained

L = α′T3 + β′T8 + LI, α′ = 0, β′ =
2√
3
.



The 3-3-1-1 Model Slide 6/22

Why N = B − L ?

◃ If N = L, the leptonic anomalies are not canceled.

[SU(3)C]
2U(1)L, [SU(3)L]

2U(1)L, [U(1)X ]
2U(1)L, U(1)X [U(1)L]

2, [U(1)L]
3 ̸= 0.

◃ Define B = BI,N = B − L, the anomalies associated with U(1)N and with the usual
3− 3− 1 asymmetry obviously vanish.
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2. Particle content

The fermion content of the 3-3-1-1 model which is anomaly free is given as

ψaL =


νaL
eaL

(NaR)
c

 ∼ (1, 3,−1/3,−2/3),

νaR ∼ (1, 1, 0,−1), eaR ∼ (1, 1,−1,−1),

QαL =


dαL
−uαL
DαL

 ∼ (3, 3∗, 0, 0), Q3L =


u3L
d3L
UL

 ∼ (3, 3, 1/3, 2/3) ,

uaR ∼ (3, 1, 2/3, 1/3) , daR ∼ (3, 1,−1/3, 1/3) ,

UR ∼ (3, 1, 2/3, 4/3) , DαR ∼ (3, 1,−1/3,−2/3) ,

where the quantum numbers located in the parentheses are defined upon the gauge sym-
metries (SU(3)C, SU(3)L, U(1)X, U(1)N), respectively. The family indices are a = 1, 2, 3
and α = 1, 2.
The NaR are the neutral leptons and U,Dα are the exotic quarks.

thuy
Underline
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To break the gauge symmetry and generate the masses in a correct way, the 3-3-1-1 model
needs the following scalar multiplets :

ρ =


ρ+1
ρ02
ρ+3

 ∼ (1, 3, 2/3, 1/3),

η =


η01
η−2
η03

 ∼ (1, 3,−1/3, 1/3),

χ =


χ0
1

χ−
2

χ0
3

 ∼ (1, 3,−1/3,−2/3),

ϕ ∼ (1, 1, 0, 2),

with the VEVs conserving Q and P respectively given by

⟨ρ⟩ = 1√
2
(0, v, 0)T , ⟨η⟩ = 1√

2
(u, 0, 0)T , ⟨χ⟩ = 1√

2
(0, 0, ω)T , ⟨ϕ⟩ = 1√

2
Λ.

The gauge group SU(3)L ⊗ U(1)X ⊗ U(1)N is broken:

SU(3)L ⊗ U(1)X ⊗ U(1)N → U(1)Q ⊗ U(1)B−L.
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The L,B, N charge of model multiplets

Multiplet ψaL νaR eaR Q3L QαL uaR daR UR DαR ρ η χ ϕ
L 2

3 1 1 −1
3

1
3 0 0 −1 1 −1

3 −1
3

2
3 −2

B 0 0 0 1
3

1
3

1
3

1
3

1
3

1
3 0 0 0 0

N = B − L −2
3 −1 −1 2

3 0 1
3

1
3

4
3 −2

3
1
3

1
3 −2

3 2

The lepton number of model particles

L Particle
0 NaR, ua, da, ρ

+
1 , ρ

0
2, η

0
1, η

−
2 , χ

0
3

1 νaL, ea, Ū , Dα, ρ
−
3 , η

0∗
3 , χ

0
1, χ

−
2

The R parity of model particles

P = (−1)3(B−L)+2s Particle
+1 νL, νR, e, u, d, ρ1, ρ2, η1, η2, χ3, ϕ
-1 NR, U,D, ρ3, η3, χ1, χ2

thuy
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The Lagrangian of the 3-3-1-1 model is given by

L =
∑

fermion multiplets
F̄ iγµDµF +

∑
scalar multiplets

(DµS)†(DµS)

−1

4
GiµνG

µν
i − 1

4
AiµνA

µν
i − 1

4
BµνB

µν − 1

4
CµνC

µν

−V (ρ, η, χ, ϕ) + LYukawa,

with the covariant derivative

Dµ = ∂µ + igsTiGiµ + igTiAiµ + igXXBµ + igNNCµ,

and the field strength tensors

Giµν = ∂µGiν − ∂νGiµ − gsfijkGjµGkν,

Aiµν = ∂µAiν − ∂νAiµ − gfijkGjµAkν,

Bµν = ∂µBν − ∂νBµ, Cµν = ∂µCν − ∂νCµ.
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The Yukawa interactions and scalar potential are obtained as

LYukawa = heabψ̄aLρebR + hνabψ̄aLηνbR + h′νabν̄
c
aRνbRϕ + hUQ̄3LχUR + hDαβQ̄αLχ

∗DβR

+huaQ̄3LηuaR + hdaQ̄3LρdaR + hdαaQ̄αLη
∗daR + huαaQ̄αLρ

∗uaR +H.c,

V (ρ, η, χ, ϕ) = µ21ρ
†ρ + µ22χ

†χ + µ23η
†η + λ1(ρ

†ρ)2 + λ2(χ
†χ)2 + λ3(η

†η)2

+λ4(ρ
†ρ)(χ†χ) + λ5(ρ

†ρ)(η†η) + λ6(χ
†χ)(η†η)

+λ7(ρ
†χ)(χ†ρ) + λ8(ρ

†η)(η†ρ) + λ9(χ
†η)(η†χ) + (fϵmnpηmρnχp +H.c.)

+µ2ϕ†ϕ + λ(ϕ†ϕ)2 + λ10(ϕ
†ϕ)(ρ†ρ) + λ11(ϕ

†ϕ)(η†η) + λ12(ϕ
†ϕ)(χ†χ).
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3. Scalar sector

We expand the neutral scalars around their VEVs such as

ρ =


ρ+1

1√
2
(v + S2 + iA2)

ρ+3

 ; η =



1√
2
(u + S1 + iA1)

η−2
1√
2
(S ′

3 + iA′
3)

 ;χ =



1√
2
(S ′

1 + iA′
1)

χ−
2

1√
2
(ω + S3 + iA3)

 ;

ϕ ∼ 1√
2
(Λ + S4 + iA4).

We assume that f, ω are the same order and Λ ≫ ω ≫ u, v. The physical fields with
respective masses can be written as:
For charged scalars,

H−
4 = vχ−2 +ωρ

−
3√

v2+ω2
, H−

5 = vη−2 +uρ
−
1√

u2+v2
,

m2
H4

=
(
1
2λ7 −

fu√
2vω

)
(v2 + ω2), m2

H5
=

(
1
2λ8 −

fω√
2uv

)
(u2 + v2).

G−
Y = ωχ−2 −vρ

−
3√

v2+ω2
, G−

W = uη−2 −vρ
−
1√

u2+v2
.
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The pseudoscalar A4 is massless.

A =
u−1A1 + v−1A2 + ω−1A3√

u−2 + v−2 + ω−2
, m2

A = − f√
2

u2v2 + u2ω2 + v2ω2

uvω
.

GZ =
−uA1 + vA2√

u2 + v2
, GZ ′ =

−ω−1(u−1A1 + v−1A2) + (u−2 + v−2)A3√
(u−2 + v−2 + ω−2)(u−2 + v−2)

,

GX =
ωχ1 − uη∗3√
u2 + ω2

, H ′ =
uχ∗

1 + ωη3√
u2 + ω2

, m2
H ′ = (

1

2
λ9 −

fv√
2uω

)(u2 + ω2).
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For neutral scalars,

H =
uS1 + vS2√
u2 + v2

, m2
H =

v4(4λλ1 − λ210)− u4(λ211 − 4λλ3)− 2u2v2(λ10λ11 − 2λλ5)

4(u2 + v2)λ

+
1

4
√
2(u2 + v2)λ(λ212 − 4λλ2)

(m0 +m1
f

ω
+m2

f 2

ω2
),

H1 =
−vS1 + uS2√

u2 + v2
, m2

H1
= −f (u

2 + v2)ω√
2uv

,

H2 = S3, m2
H2

=
(4λλ2 − λ212)ω

2

2λ
,

H3 ≃ S4, m2
H3

= 2λΛ2,

where

m0 =
√
2(v2(λ10λ12 − 2λλ4) + u2(λ11λ12 − 2λλ6))

2,

m1 = 8uvλ(v2(−λ10λ12 + 2λλ4) + u2(−λ11λ12 + 2λλ6)),

m2 = 8
√
2u2v2λ2.

H is identified as SM Higgs boson.
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4. Gauge sector

The gauge mass Lagrangian is given as

Lgaugemass = (0, 0,
ω√
2
)(gAaµTa −

1

3
gXBµ −

2

3
gNCµ)

2(0, 0,
ω√
2
)T

+(
u√
2
, 0, 0)(gAaµTa −

1

3
gXBµ +

1

3
gNCµ)

2(
u√
2
, 0, 0)T

+(0,
v√
2
, 0)(gAaµTa +

2

3
gXBµ +

1

3
gNCµ)

2(0,
v√
2
, 0)T

+2(gNCµΛ)
2.

W±
µ =

A1µ ∓ iA2µ√
2

, Y ∓
µ =

A6µ ∓ iA7µ√
2

.

M 2
W =

1

4
g2(u2 + v2),M 2

Y =
1

4
g2(v2 + ω2).

X0
µ =

A4µ − iA5µ√
2

,M 2
X =

1

4
g2(u2 + ω2).
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Set t1 ≡ gX/g, t2 ≡ gN/g.
There is a mixing among A3µ, A8µ, Bµ, Cµ components. The mass mixing matrix of
A3µ, A8µ, Bµ, Cµ contains one exact eigenvalues with the corresponding eigenstates as fol-
lows

M 2
γ = 0, Aµ =

√
3√

3 + 4t21

t1A3µ −
t1√
3
A8µ +Bµ

 .
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In the limit Λ ≫ ω

ZN
µ ∼ Cµ, m2

ZN ≃ 4g2t22Λ
2,

Z1
µ = cos ξZµ − sin ξZ ′

µ, Z2
µ = sin ξZµ + cos ξZ ′

µ,

m2
Z1 ≃ g2

8

u2 + ω2 +
u2 + 4v2 + ω2

3− 4s2W

− 4

√
c4Wu4 + v4 − c2Wv2ω2 + c4Wω4 + u2(−c2Wv2 + (−1 + 2s4W )ω2)

(3− 4s2W )

 ,

m2
Z2 ≃ g2

8

u2 + ω2 +
u2 + 4v2 + ω2

3− 4s2W

+ 4

√
c4Wu4 + v4 − c2Wv2ω2 + c4Wω4 + u2(−c2Wv2 + (−1 + 2s4W )ω2)

(3− 4s2W )

 ,

where

tan 2ξ =

√
3− 4s2W (c2Wu

2 − v2)

((−1 + 2s4W )u2 − c2Wv2 + 2c4Wω2)
,

Zµ =

√
3 + t21√
3 + 4t21

A3µ +
t1(

√
3t1A8µ − 3Bµ)√

3 + t21
√
3 + 4t21

, Z ′
µ =

√
3√

3 + t21
A8µ +

t1√
3 + t21

Bµ.
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If we assume ω ≫ u, v, then tan 2ξ → 0. We get

Z1
µ ∼ Zµ, m2

Z1 ≃
g2(u2 + v2)

4c2W
,

Z2
µ ∼ Z ′

µ, m2
Z2 ≃

c22Wu
2 + v2 + 4c4Wω

2

(3− 4s2W )c2W
.

The gauge boson Z1
µ is identified as Zµ in the SM.
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5. Fermion sector

The Dirac masses are written in the form −f̄LmffR + H.c. From the LYukawa, we obtain

mU = − 1√
2
hUω, [mD]αβ = − 1√

2
hDαβω,

[mu]αa =
1√
2
huαav, [mu]3a = − 1√

2
huau,

[md]αa = − 1√
2
hdαav, [md]3a = − 1√

2
hdav,

[me]ab = − 1√
2
heabv, [mD

ν ]ab = − 1√
2
hνabu.

The right handed neutrinos get Majorana masses in the form −1
2ν̄

c
Rm

M
ν νR + H.c., where

[mM
ν ]ab = −

√
2h′νabΛ.

The observed neutrinos (∼ νL) naturally get small masses via a type I seesaw mechanism,

meff
ν = −mD

ν (m
M
ν )−1(mD

ν )
T ∼ (hν)2

h′ν
u2

Λ
.
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The masses of NR can be generated via an effective operator invariant under the 3-3-1-1
symmetry

λab
M
ψ̄caLψbL(χχ)

∗ + H.c,

[mNR]ab = −λab
ω2

M
.

Assume that M ∼ ω then mNR ∼ ω
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6. Summary

◃ After spontaneous symmetry breaking, there are

• 9 goldstone bosons A4, GZ, GZ ′, GX, G
∗
X, G

±
Y , G

±
W ,

• 9 massive gauge bosons ZN , Z1, Z2, X0, X0∗, Y ±,W±, and one massless γ,

• 4 neutral Higgs bosons H,H1, H2, H3, one massive pseudoscalar A, complex Higgs
H ′, H ′∗, 4 charged scalars H±

4 , H
±
5

◃ H3, Z
N , νR have mass in order O(Λ).

All other new particles, A,H1, H2, H
±
4 , H

±
5 , H

′, H ′∗, Z2
µ, X

0
µ, X

0∗
µ , Y

±
µ , U,Dα, NR, have

mass in order O(ω).

◃ In this model, L(GX, H
′∗, H−

4 , G
−
Y , X

0, Y −) = 1 while the remaining Higgs and gauge
bosons have zero lepton number.

◃ The Majorana masses of the right handed neutrinos violate L with ±2 units → The
decay of Majorana RH neutrino can generate the lepton asymmetry.

◃ P (NR, X, Y, U,D,H4, H
′) = −1 and all other particles have P = +1. The lightest and

neutral particle among odd parity particles can be a dark matter candidate.
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Thank you

Thank you

Thank you




